In support of an experiment designed to measure the strength of radiation scattered from low-density free electrons in an intense laser focus, we model a variety of physical parameters that impact the rate of scattered photons. We employ a classical model to characterize duration of electron exposure to high-intensity laser light in a situation where the electrons are driven by strong ponderomotive gradients. Free electrons are modeled as being donated by low-density helium, which undergoes strong-field ionization early in the pulse or during a prepulse. When exposed to relativistic intensities, free electrons experience a Lorentz drift that causes redshifting of the scattered 800 nm light. This redshift can be used as a signature to discern light scattered from the more intense regions of the focus. We characterize the focal volume of initial positions leading to significant redshifting, given a peak intensity of 2 × 10 18 W∕cm 2 . Under this scenario, the beam waist needs to be larger than several wavelengths for a pulse duration of 35 fs. We compute the rate of redshifted scattered photons from an ensemble of electrons distributed throughout the focus and relate the result to the scattered-photon rate of a single electron. We also estimate to what extent the ionization process may produce unwanted light in the redshifted spectral region.
INTRODUCTION
Free electrons in a laser focus undergo relativistic motion at optical frequencies for laser intensities around and above 10 18 W∕cm 2 . The availability of relativistic intensities during the past two decades has spurred a number of investigations into electron behavior in such a laser focus, including ponderomotive acceleration, Lorentz drift, and plasma wakefield generation [1] [2] [3] [4] [5] [6] . Thomson scattering from relativistically excited plasmas has also been studied [7, 8] . Meanwhile, theoretical investigations into the dynamics of individual free electrons in intense laser fields have been pursued [9] [10] [11] together with the study of the associated scattered radiation [12] [13] [14] [15] .
In the ionization process, an electron wave function typically is initially localized in both momentum and position, but can quickly spread to become comparable in size to the wavelength of the driving field. This is especially true if the wave function ionizes over several laser cycles [13] . It is interesting to consider how a large electron wave packet scatters radiation when different parts of the same wave function oscillate out of phase in the driving laser field. Quantum electrodynamics (QED) predicts that an electron radiates with the strength of a point emitter, regardless of the spatial extent of its wave packet [16, 17] . This is in contrast with a first-quantized picture where one might intuitively expect that radiation from a single large electron wave packet undergoes interference and suppression [18] .
We are conducting an experiment to measure the radiation from free electron wave packets to effectively test the QED prediction. Whereas QED predicts that light scattering is independent of wave packet size, the first-quantized picture would predict suppression by typically two orders of magnitude in a direction perpendicular to laser propagation, so long as the quantum electron wave packet is treated as a classical light source and it extends over a distance of a laser wavelength or greater [15] .
In the experiment, we backfill helium into an evacuated chamber wherein a high-intensity laser pulse is focused. The laser pulse can easily liberate both electrons from any helium atom that happens to be located within the focus. Depending on the exact location of a particular electron-donor atom, the liberated electrons may undergo relativistic motion. The Lorentz drift of such electrons causes laser light scattered out the side of the focus to be redshifted in comparison to the driving laser. This redshift is convenient for an experiment seeking to spectrally discriminate between photons scattered from free electrons and other possible noise sources.
In this paper, we present simulations of relativistic electron behavior in a laser focus. This information will be important for the interpretation of data collected in an experimental setup outlined in Section 2. Section 3 describes a simple model of light emission based on a classical point electron, which radiates with a strength similar to QED predictions. In Section 4, we characterize the amount of redshift in the perpendicularly scattered radiation as a function of laser intensity. In Section 5, we characterize the effective volume within the focus wherein the scattered radiation is significantly redshifted. In Section 6, we comment on the emission from a large ensemble of free electrons, emphasizing the wellknown fact that, in the direction perpendicular to the laser propagation, the scattered light should be proportional to the number of ensemble members. Since each helium atom donates a pair of electrons, we consider in Section 7 the correlation between electron trajectories as well as the rate of wave packet spreading in the laser field. In Section 8, we estimate of the strength of light emission from electrons during the ionization process and subsequent collisions. Finally, in Section 10, we calculate predicted signal levels for the experimental setup.
EXPERIMENTAL SETUP
The basic layout of the experiment is shown in Fig. 1 . A Ti: sapphire laser system produces 800 nm, 35 fs laser pulses, which are focused by an on-axis elliptical mirror to intensities in the 2 × 10 18 W∕cm 2 range. The interaction chamber is evacuated to <10 −8 Torr and then backfilled with helium, which donates free electrons through ionization. With each laser pulse, helium atoms in the laser focus become doubly ionized, and their electrons are accelerated in the intense laser field, causing them to radiate. A lens collects light emitted out the side of the laser focus using a one-to-one imaging system, which subtends approximately 0.2 sr in the proposed experiment. The collected photons are coupled into a gold-clad multimode fiber and routed to a single-photon detection system. The relativistic intensity experienced by the free electrons not only increases the scattering rate, but also causes the electrons in the most intense part of the focus to drift forward at a significant fraction of the speed of light, owing to the Lorentz force ev × B L . This forward velocity causes the photons scattered out the side of the focus to be redshifted relative to the laser. Spectral filtering (using a 875-925 nm bandpass filter in our case) can discriminate for these redshifted photons, which originate in a quantifiable volume within the laser focus. The photons of interest also arrive within a specific time window, which further helps to differentiate them (with 0.1 ns instrument resolution) from other potential noise sources such as light scattered from the chamber wall. These filtering techniques allow individual scattering events to be distinguished from the sea of 10 17 photons in each laser pulse.
COMPUTATIONAL MODEL
Simulating the quantum dynamics of a free electron in a laser focus is a numerically intensive endeavor [19, 20] . To make the calculation more manageable, Chowdhury et al. used a hybrid quantum/classical model [13] . First, a tunneling-ionization rate model was used to promote an increasing fraction of the electron probability into the continuum. Once in the continuum, each tiny portion of the wave packet was propagated as a classical point-like trajectory. Many point-like elements taken together represented the free electron wave, and the different elements spread out under the influence of the strong laser field. This approach is reasonable since typical quantum forces in this case are tiny in comparison to the extreme forces of the laser field.
We essentially take the approach outlined by Chowdhury et al., except we represent an electron with just a single classical point-like trajectory driven in the laser focus. The single classical point-like trajectory offers a strength of emission consistent with the QED prediction. Since the experiment seeks to distinguish scattering strengths that differ by two orders of magnitude, an analysis based on a point electron is sufficient for estimating a photon-scattering rate consistent with QED. A much lower scattering rate would align with the first-quantized viewpoint, where emission from different pieces of a large electron wave packet is allowed to interfere.
We employ classical electrodynamics to simulate the interaction of the laser field with the electron. The lab-frame acceleration of an electron in the presence of electric and magnetic fields is given (in MKS units) by the well-known formula [21] a
where e, m, and v are the charge, mass, and velocity of the electron, respectively, γ 1∕ 1 − v 2 ∕c 2 p is the usual relativistic factor, and E L and B L are the electric and magnetic fields of the laser, respectively. We integrate Eq. (1) using fourth-order Runge-Kutta to calculate the electron trajectories for various initial conditions.
In the far field, the radiation scattered by an electron to a measurement point r; t can be calculated as
where u ≡ cr − v and r ≡ r − r 0 . Here, r 0 is the position of the electron at the retarded time t r , given implicitly by r ct − t r . The electron acceleration a and velocity v are similarly evaluated at t r . We neglect the self force of the electron due to scattered radiation; the self force is approximately seven orders of magnitude below the force of the laser field in our regime. The spectrum of the scattered light at a given location and for a specific laser field is found by Fourier transforming the fields in Eq. (2).
TARGET PEAK INTENSITY
We first use our computational model to study the radiation from free electrons beginning at rest as a function of the peak intensity of the laser pulse. To remove spatial effects due to focusing, we here consider a linearly polarized plane-wave pulse propagating in the z dimension (extending infinitely in the x and y dimensions) having a Gaussian temporal envelope with duration 35 fs (FWHM). Figure 2 (a) shows several transverse oscillations of a free electron interacting with this plane-wave pulse near its peak at a variety of peak intensities. The period of the oscillations increases to the extent that the Lorentz drift causes the electron to move with the laser pulse at a significant fraction of c. As the intensity increases into the relativistic regime, the oscillation frequency is significantly redshifted. Figure 2 (b) shows the trajectory taken by an electron as it interacts with a pulse with peak intensity 2 × 10 18 W∕cm 2 . During the course of the pulse, the electron drifts forward a little more than three laser wavelengths and undergoes nonlinear motion before eventually coming to rest again. Figure 2 (c) shows the far-field intensity spectrum computed via Eq. (2) for the various electron trajectories associated with pulses of different peak intensities. The spectra are calculated for a detector located in the direction perpendicular to both the pulse-propagation direction and the direction of the linear polarization. The spectrum undergoes an increasing amount of redshift (and stronger emission) as the light pulse intensity increases. At the lowest intensity shown, I 0 1 × 10 17 W∕cm 2 , the spectrum resembles that of the incident light pulse, being only slightly redshifted from the original spectral center of 800 nm. The intensity I 0 1.5 × 10
18 W∕cm 2 gives an amount of redshift ideal for our experiment, which keys in on the spectral window 875-925 nm. This window gives sufficient separation from the laser spectrum while still maintaining a suitable detection efficiency using a silicon avalanche photodiode.
BEAM WAIST CONSTRAINTS
Finite laser pulse energy necessitates a tight focus to achieve relativistic intensities. Electrons in a tightly focused laser experience strong ponderomotive gradients that can cause them to leave out the side of the focus before the peak of the pulse arrives. The more tightly focused a laser beam, the stronger the gradient and the shorter the distance for the electron to escape from the high-intensity region. Thus, we need to characterize how tight the focus can be while still allowing the electrons sufficient time in the high-intensity region.
To model the laser focus, we employ a single-frequency representation for the vector fields of the laser focus according to Salamin et al. [1] and append ad hoc a moving time envelope with wavefront curvature to form the laser pulse (as opposed to the more correct superposition of a range of single-frequency solutions). For these simulations, we fix the peak intensity at I 0 2 × 10 18 W∕cm 2 with pulse duration 35 fs FWHM. For these parameters, the laser focus experiences about 10 laser cycles above 1.5 × 10
18 W∕cm 2 at the origin. This parameter set matches pulses available in our laboratory. Figure 3 shows 20 distinct electron trajectories originating from random positions within the more intense region of the laser focus with a beam waist w 0 λ L . The electrons depicted in Fig. 3 leave the tight laser focus quickly, experiencing a maximum intensity typically a factor of 5 below the peak of 2 × 10 18 W∕cm 2 . This extremely tight focus is clearly too small for the proposed experiment. In this section, we explore how loose the focus needs to be for thorough exposure of ionized electrons to the highest intensities.
To characterize the volume of the region wherein the electron's initial position gives rise to a trajectory that experiences relativistic intensities for suitable duration, we release electrons from various initial positions in the focus and compute their trajectories under the influence of the laser field. Figure 4 plots the average length of time that a free electron experiences an intensity above 1.5 × 10
18 W∕cm 2 as a function of beam waist w 0 and initial position x 0 , y 0 , and z 0 . When generating these plots, the electron is released from rest when the laser field first exceeds the threshold for second ionization of helium (corresponding to I 8.7 × 10 15 W∕cm 2 ) at the initial position. The carrier-envelope phase of the laser can significantly alter the time spent in the high-intensity region, so If the beam waist narrows to less than about 3λ L , the range of positions that experience this high intensity for any amount of time quickly goes to zero. In this case, the electron is typically pushed out of the high-intensity region before the highest intensity portion of the pulse arrives. Our laser system has sufficient pulse energy to achieve the peak intensity of I 0 2 × 10 18 W∕cm 2 for a beam waist of w 0 ≈ 6λ L , given a 35 fs pulse duration. To expose electrons to these intensities for significantly longer times would require either a wider focus or a special ponderomotive trapping scheme such as developed by Chaloupka et al. [22] .
To estimate the volume wherein electrons experience high intensity for significant time, we ran simulations with electrons starting from a variety of initial positions in a laser focus. Figure 5 depicts horizontal and vertical cross sections of the volume wherein the initial position enables an electron to experience an intensity above 1.5 × 10
18 W∕cm 2 . The color coding indicates the amount of time the average electron experiences above that intensity. For comparison, the laser intensity reaches 1.5 × 10 18 W∕cm 2 within a radius of x 2 y 2 p 0.38w 0 and within a longitudinal range of jzj < 82λ L , which constitutes about six times the effective volume depicted in Fig. 5 . Since electrons drift in the forward direction, the range of initial positions before the focus that experience long times at high intensity is larger than the range of positions after the focus. Since the linear polarization is in the x direction, initial positions that are offset from the axis in y experience the high intensity for a longer duration than initial positions that are similarly offset in x.
SIGNAL SCALING WITH NUMBER OF ELECTRONS
Given the low photon-scattering rate seen in Fig. 2 and the limited practical detector efficiency, it is clear that any feasible experiment needs to employ many electrons simultaneously in the focus. The electrons of interest need to be confined to the small region of high intensity discussed in the previous section, so we need to understand how emissions from neighboring electrons interact. In this section, we consider how the radiation signal scales with electron number and density.
The trajectories of two electrons released from the same helium atom are initially correlated, and the electron pair radiates coherently for a factor of 2 increase in signal. However, as discussed in the next section, we plan to pre-ionize the helium and allow some spreading and separation before the primary high-intensity laser pulse arrives. Thus, we expect this enhancement to be small and have not included it in the signal plots below.
For electrons from separate atoms, the emission directed perpendicular to the laser propagation is incoherent if the electrons are distributed randomly throughout the focus. Although there is a coherent buildup of emission in the forward direction, phase matching in the perpendicular direction is sufficiently poor to avoid coherent effects (other than between electron pairs released from the same atom). That is, the phases of emission from the various electrons may be treated as random by virtue of the random locations within the focus. In this case, the emission intensities calculated for the individual electrons released from different atoms sum on average.
To confirm this intensity-addition rule (in the perpendicular direction), we computed emission from many electron pairs released from atoms randomly positioned throughout the focus. As expected, we find that the emission indeed fluctuates around an intensity equal to the single-atom intensity multiplied by the number of atoms. Thus, it is straightforward to connect emission behavior from many free electrons to the single-electron behavior we desire. However, we do need to ensure that densities remain sufficiently low so as to avoid cooperative effects (i.e., keeping electron spacing greater than a half wavelength) [23] . This limits the donor-atom pressure to below about 10 −4 Torr.
IONIZATION AND SPREADING
There are no atoms that will donate only a single electron in the presence of the laser intensities considered here. Hydrogen is found naturally in a diatomic state, and it is reactive in its monatomic state. Helium is inert and has just two electrons, making it our donor atom of choice. Conveniently, the electrons of helium ionize at a higher intensity than the first two electrons from any other atom or molecule.
For our purposes, we use a simple over-the-barrier ionization model to estimate the intensities necessary to ionize helium: 1.3 × 10 15 W∕cm 2 for single ionization and 8.7 × 10 15 W∕cm 2 for double ionization [24] . Figure 6 depicts the focal regions where first and second ionization of helium takes place. The ionization volumes are, respectively, about 10 5 and 10 4 times larger than the tiny high-intensity volume depicted in Fig. 5 .
Since the two electrons are released at different intensities and potentially at different laser oscillation phases, their subsequent trajectories tend to separate somewhat. Ionization at these intensities can result in drift velocities of v 0.007 μm fs sin ϕ and v 0.019 μm fs sin ϕ, respectively, where ϕ represents the laser phase upon release (with ϕ 0 corresponding to the peak of the field). A reasonable range for the laser phase upon release is ϕ π∕6, which translates into drift-velocity ranges of v 0.004 μm fs and v 0.010 μm fs along the direction of polarization. Given these relatively modest velocities, the trajectories of electron pairs from doubly ionized helium tend to remain correlated in the laser field over several tens of femtoseconds. They typically separate by more than a wavelength if the timescale exceeds hundreds of femtoseconds.
The quantum spreading of electrons is another relevant consideration. As an electron undergoes ionization over several laser cycles, a fraction of the wave function bleeds away near the peak of each oscillation over a range of phases ϕ. Thus, different pieces of the same wave packet are launched with different drift velocities, much as in the above discussion regarding the two different helium electrons. That is, the electron wave functions each end up incorporating the full available range of phases. Moreover, natural quantum spreading for a free wave packet initially the size of a helium atom spreads (via the uncertainty principle) at a rate of 0.003 μm fs , which is remarkably on par with the spreading due to the variety of release phases. Since the goal of our experimental effort is to measure photon scattering from large electrons, a prepulse can be used, arriving 100-200 fs prior to the main relativistic laser pulse, to give the free electron wave packets time to spread to the scale of a laser wavelength.
The question of whether electron pairs from the same helium atom remain correlated only impacts the rate of scattered radiation by a factor of 2. On the other hand, the first-quantized and QED viewpoints of large wave packets predict different signals by two or more orders of magnitude.
RADIATION FROM THE IONIZATION PROCESS
In this section, we consider the level of photoemission that might arise during the ionization process. To estimate the strength of this potential noise source, we simulated the ionization process of helium using a pair of classical electrons caught in a smoothed Coulomb potential well, subject to the oscillating laser field. This model, used by Ho and coworkers [25] , allows the electrons to naturally break free from the core at the appropriate intensities and to interact with the long-range Coulomb tail of the parent ion while oscillating in the field. We use Eq. (2) to estimate the electron radiation, both before and after each electron detaches from the core, while still under the influence of the Coulomb potential.
Using this model, we find that any spectral components overlapping the redshifted bandpass region arise almost entirely from the fact that the electron suddenly breaks free Fig. 6 . Cross section of the laser focus (side profile) showing regions of first and second ionization of helium as well as the comparatively tiny high-intensity region from Fig. 5(b) , where free electrons experience high intensity and emission is redshifted. The laser parameters are the same as in Fig. 5 .
of the nucleus, without regard to any specific features in the electron trajectory as it exits the atom. One obtains essentially the same result by simply releasing the electron from rest, once the local electric field reaches the appropriate strength. The abrupt initiation of oscillations (on the time scale of a laser period) leads to faint spectral wings, independent of the details of the model that does the releasing. This effect is similar (although reversed in time) to spectral wings observed in instantaneous spectra, computed in a different context [26] . In any case, the spectral wings overlapping the redshifted region of interest are approximately three orders of magnitude smaller than the redshifted signal emitted by the electrons that experience 1.5 × 10 18 W∕cm 2 . Still, because the volume undergoing ionization is enormous compared to the relevant highintensity region, it becomes necessary to cut out most of the ionization volume, as will be discussed in Section 10.
REDSHIFT VERSUS INTENSITY
To estimate the overall signal coming from the focal volume, we calculated the expected emission from a group of free electrons with random initial positions within the double ionization region of the focus depicted in Fig. 6 . The laser parameters were kept the same as in Fig. 5 for this simulation. We averaged a large number of intensity spectra, generated from randomly chosen individual electron trajectories, and then scaled the resulting spectrum to be representative of the total signal per laser shot at a density associated with a helium pressure of 5 × 10 −5 Torr (involving about 35,000 electrons). We ignore any possible collisions between electrons and neighboring ions. The result is shown in Fig. 7 . Several curves are shown for partial volumes wherein the electrons experience at least one oscillation at the various threshold intensities. Notice that as the threshold intensity for inclusion is reduced below 1 × 10 17 W∕cm 2 , the signal in the 875-900 nm range does not significantly increase.
While the distinct spectral structures seen in Fig. 2 wash out in Fig. 7 , a strong redshift from the laser wavelength 800 nm is apparent. Based on Fig. 7 and assuming a 0.2 steradian collection angle, a 875-925 nm bandpass filter, a 5% detector efficiency, and a pressure of 5 × 10 −5 Torr, one arrives at 0.7 
EXPERIMENTAL SIMULATION
In our experiment, we collect photons only from a section of the beam approximately one Rayleigh range z 0 in length, which includes the high-intensity region completely and cuts off the vast majority of the ionized volumes. The collection volume is depicted in Fig. 8 . Most of the redshifted signal from the high-intensity region is imaged into a 105 μm core optical fiber with gold cladding to shield from noise. The one-to-one imaging system subtends 0.2 sr. The ionized volume that is captured by this imaging system is only about 10 times larger than the relevant high-intensity volume.
To simulate the entire expected signal for this experiment, we randomly distribute donor helium atoms throughout the imaged region of the focus at a pressure of 5 × 10 −5 Torr. We compute the trajectories for the many electrons and calculate the in-band signal expected from this distribution. The simulation was repeated and averaged. Figure 9 shows the result as a function of peak laser intensity, assuming a constant beam waist of w 0 6λ L , an imaging system that collects 0.2 sr of solid angle, and a 5% detection efficiency. Fig. 7 . Total energy per shot for randomly distributed electrons within the entire ionization volume with a density appropriate for a pressure of 5 × 10 −5 Torr. The different curves represent the radiation from the set of electrons that experience at least one cycle at an intensity of 15×, 10×, 7.5×, 5×, 2.5×, 1×, or 0.5 × 10 17 W∕cm 2 . The laser parameters are the same as those for Fig. 5 , with peak intensity 2 × 10 18 W∕cm 2 . The spectrum is measured in the far field in a direction perpendicular to the direction of laser propagation and to the direction of linear laser polarization. Fig. 8 . Zoomed-in portion of Fig. 6 showing the small region of the focus that is imaged into the fiber. The redshifted signal "turns on" at intensities between 2 × 10 17 W∕cm 2 and 5 × 10 17 W∕cm 2 . Below 10 17 W∕cm 2 , the contribution from the ionization process is apparent. At higher intensities, the primary signal is from redshifted electrons, while the ionization effect contributes at the 1% level. Increasing the peak laser intensity above 10 18 W∕cm 2 only gradually increases the radiated energy emitted into the target-band region, owing in part to a tendency for the radiation to shift spatially towards the forward direction as the intensity increases. For a peak intensity of 2 × 10 18 W∕cm 2 , the expected energy detected is 0.1 eV or about one photon per 14 shots. This is less than the estimate in Section 9 because the imaging system misses some of the high-intensity region as well as clips out most of the ionizing volume.
CONCLUSION
We simulated classical point-charge electron trajectories in a vector representation of a focused high-intensity laser pulse and calculated the scattered Thomson radiation out the side of the laser focus. Electrons that experience intensities near or above 10 18 W∕cm 2 drift in the forward direction, causing the light scattered in this perpendicular direction to be redshifted. Our proposed experiment measures scattered light in the vicinity of 900 nm, whereas the incident 35 fs laser pulse is centered at 800 nm. This analysis suggests that the beam waist should be at least several wavelengths, say w 0 6λ L , to enable electrons to experience the highest intensities in the center of the focus without being pushed away.
We calculated the effective volume of electron initial positions that ensure exposure to high intensity, which is significantly smaller than the actual volume enclosing that intensity. This effective volume is significantly narrower in the dimension of the linear laser polarization and skewed towards the upstream side along the laser axis. Critically, we provide an estimate of the absolute redshifted emission into a detection solid angle based on a helium pressure of 5 × 10 −4 Torr, which donates the free electrons. At this pressure, the vast majority of free electrons in the focus will originate from helium rather than from highly ionized background molecules (at 10 −8 Torr). At 5 × 10 −4 Torr, the emission in the perpendicular direction sums incoherently (i.e., intensities are added). For an assumed 5% detection efficiency, the estimate yields a photon count rate around one photon per 14 laser shots the peak intensity near 2 × 10 18 W∕cm 2 . We computed this number as a function of laser intensity and found that higher intensities only marginally increase the yield, while somewhat lower intensities (down to 5 × 10 17 W∕cm 2 ) are also viable. Our estimates suggest that redshifted emission associated with the helium-ionization process is sufficiently weak to ignore when only the center part of the focus is imaged into the detector.
The emission rate predicted by QED is similar in strength to that predicted by the classical point emitters computed here, regardless of the size of the actual quantum wave packet. It appears feasible to liberate the electrons in the center of the laser focus using a prepulse arriving 100-200 fs prior to ensure that electron wave packets have the opportunity to expand to the size of a laser wavelength. Varying the delay of the prepulse would allow an experimental check as to whether the wave packet size has an impact on the emission rate. A first-quantized analysis would suggest that the scattered emission rate from large wave packets would be less by a couple of orders of magnitude.
